Abstract. In this paper, we give sufficient conditions for the existence of C 2 robust heterodimensional tangency, and present a nonempty open set in Diff 2 (M ) each element of which has a non-degenerate heterodimensional tangency on a C 2 robust heterodimensional cycle.
Introduction
The purpose of this paper is to show the existence of a large class of diffeomorphisms on C 2 manifold M whose global dynamics is persistently non-dominated on cycles by robust heterodimensional tangencies. To quickly explain our results, let us begin by recalling key words of non-hyperbolic diffeomorphisms: dominated splittings, homoclinic tangencies, and heterodimensional cycles.
The dominated splitting is perhaps a bottom structure obtained by weakening hyperbolicity, which was first presented by Pliss [18] . Precisely, we say that a compact subset Λ of a smooth closed manifold M which is invariant by f ∈ Diff r (M ) has a dominated splitting if T Λ M is expressed by the direct sum of Df -invariant subbundles E and F as T Λ M = E ⊕ F whose fibers have constant dimensions and there are C > 0 and λ > 1 such that for any integer n > 0, x ∈ Λ and any pair of unitary vectors (u, v) ∈ E(x) × F (x),
If Df n is uniformly contracting on E and expanding on F , Λ is called hyperbolic. Let P be a saddle point for f ∈ Diff r (M ). A point Y of the intersection between the stable manifold W s (P ) and the unstable manifold W u (P ) is a homoclinic tangency of P if
Obviously, if f has a homoclinic tangency, then any f -invariant set containing the orbit of the tangency does not have any dominated splitting. Moreover, it is worth noting that Wen [23, Theorem A] proved that the inverse is also true in the C 1 topology if f is restricted to the preperiodic or prehomoclinic sets, that is, if a dominated splitting cannot be defined on such f -invariant sets, then there is a diffeomorphism arbitrarily C 1 close to f which has a homoclinic tangency, see also [12] . On the other hand, the presence of dominated splittings is equivalent to the absence of infinitely many periodic sinks or sources in C 1 generic diffeomorphisms, see [1] .
From the definition, a tangency associated with a periodic point is easily broken by a generic perturbation. However, Newhouse showed in [15] that there is an open set in Diff 2 (M ) with dim(M ) = 2 arbitrarily C 2 close to f in which any diffeomorphism has a robust homoclinic tangency associated with some nontrivial set containing the continuation of the periodic point. On the other hand, Moreira showed in [13] that the similar result does not hold for generic subset in Diff 1 (M ) with dim(M ) = 2, see comments at the end of this section. The Newhouse result was extended to the higher dimensional cases with the C 2 topology in [11, 17, 20, 22] . Among others, several results of [17] play important roles in this paper. Thus, we need to work at least in the C 2 topology. Another known cause of non-hyperbolicity is the presence of heterodimensional cycles. For a diffeomorphism f on a smooth manifold M of dim(M ) ≥ 3, we say that f has a heterodimensional cycle associated with two saddle points P and Q if index(P ) = index(Q),
where index(P ) stands for the dimension of the unstable bundle for P . By the first index condition, one of these two intersections, say W s (Q) ∩ W u (P ), satisfies
for every X ∈ W s (Q)∩W u (P ). On the other hand, the intersection W
for every Y ∈ W s (P ) ∩ W u (Q). Thus the condition may permit transverse points. The set of such points is denoted by W s (P ) W u (Q). A non-transverse point
is called a heterodimensional tangency. We say that such a heterodimensional tangency is strict if
Observe that, when dim(M ) = 3, any heterodimensional tangency is of strict type. The condition for diffeomorphisms being away from homoclinic tangency leads to a dominated splitting even for heterodimensional cycle associated with P and Q. In fact, Díaz and Rocha showed in [10, Theorem A] that if the diffeomorphism is C r away from diffeomorphisms having homoclinic tangencies associated with continuations of P and Q, it can be C r -approximated by one with an invariant set containing the continuations which has a (strong partially hyperbolic) dominated splitting. On the other hand, it is known that, under some volume condition, absence of dominated splitting brings on heterodimensional cycles in C 1 generically [21] .
In the present paper, we focus attention on heterodimensional tangencies which interfere with dominated splittings. As for heterodimensional tangencies of 3-dimensional diffeomorphisms, several results have been already presented as follows.
If f had a parabolic heterodimensional tangency between P and Q which are persistently linked, it can be C 1 -approximated by a diffeomorphism having either infinitely many sinks or sources. Moreover, if the Jacobian of f at P is smaller than one and that of Q is greater than one, it can be C 1 -approximated by a diffeomorphism having infinitely many nontrivial minimal Cantor sets.
Strange attractors, C 2 Newhouse phenomenon [14] : For any generic 2-parameter family {f µ,ν } with f 0,0 = f which has a nondegenerate heterodimensional tangency associated with P and Q, there exists an open set of subfamilies exhibiting infinitely many homoclinic tangencies of the continuation of P which unfold generically. It follows that one can detect a positive Lebesgue measure set A in the µν-plane arbitrarily near f such that for any (µ, ν) ∈ A, f µ,ν exhibits non-hyperbolic strange attractors. Moreover, one can detect an open set of diffeomorphisms which have C r -robust homoclinic tangency for r ≥ 2. Renormalization, robust cycle [7] : Under appropriate conditions, one can obtain a renormalization in a neighborhood of the heterodimensional tangency associated with P and Q such that its return maps converge to the Hénon-like family with the center unstable direction and admit blender horseshoes. Using this fact, for every r ≥ 1, one can detect C r -robust cycles associated with the blender-horseshoe and the continuation of P arbitrarily C r -close to f .
By the way, though the above works start from the heterodimensional tangency on a heterodimensional cycle, its generality is not discussed. However, by a little perturbation, heterodimensional tangencies are broken as well as homoclinic tangencies. Thus, considering Newhouse's works, we ask naturally:
Question I. Is the situation having heterodimensional tangencies on cycles general in Diff
This paper will be devoted to answering the question and studying related topics. To present our results, we have to introduce several terminologies.
A basic set for f is a compact hyperbolic transitive locally maximal f -invariant subset in M . A basic set is nontrivial if it is not an periodic orbit. The dimension of the unstable bundle on a basic set Λ for f is called the unstable index and denoted by index(Λ). We say that a diffeomorphism f ∈ Diff r (M ) has a heterodimensional cycle associated with basic sets Λ and Γ if
A heterodimensional tangency between W s (p) and W u (q) with p ∈ Γ and q ∈ Λ is defined as in the case of periodic points P, Q. Now let us suppose index(Λ) > index(Γ) and define that f has a C r robust heterodimensional tangency associated with Λ and Γ if there exists a C r neighborhood U of f such that, for any g ∈ U, there exist the continuations Λ g of Λ and Γ g of Γ which contain points p 1 ∈ Λ g and q 1 ∈ Γ g such that
• W s (p 1 ) and W u (q 1 ) contain a heterodimensional tangency.
Moreover, the heterodimensional tangency is in a C r robust cycle if there exist p 2 ∈ Λ g and q 2 ∈ Γ g such that A non-degenerate tangency is elliptic if all the eigenvalues of the Hessian matrix have the same sign, and otherwise hyperbolic, see [14] for the case of d = 3.
From now on, we suppose that M is a closed C 2 manifold of dim(M ) = d ≥ 3 with Riemannian metric and Diff 2 (M ) is the space of all C 2 diffeomorphisms on M endowed with the C 2 topology. For a given saddle periodic point P and a basic set Λ of f ∈ Diff 2 (M ), per(P ) denotes the minimum period of P , and Λ g denotes the continuation of Λ for any g sufficiently close to f in Diff 2 (M ).
Theorem A. Let f be an element in Diff 2 (M ) which has nontrivial basic sets Λ 0 , Λ 1 and saddle periodic points Q ∈ Λ 0 , P ∈ Λ 1 such that (1) Df per(P ) (P ) has eigenvalues satisfying
contains a heterodimensional tangency of elliptic type and
Then, there is a nonempty open set O ⊂ Diff 2 (M ) whose closure contains f and that satisfies following condition: for every g ∈ O, there exists a nontrivial basic set Λ 2,g of index one such that g has a heterodimensional tangency of elliptic type associated with Λ 2,g and the continuation Λ 0,g of Λ 0 .
The saddle periodic point P in (1) is called sectionally dissipative in [17] , and α c and β c are called the real central contracting and real central expanding eigenvalues, respectively, on the cycle. Though the sectionally dissipative condition in (1) might not be indispensable if one would use [20] instead of [17] , it is sufficient to prove Theorems B and C. So we will work under the condition to avoid miscellaneous difficulties. Note that the condition (1) implies that the heterodimensional tangency in the condition (2) is of strict type.
Theorem A says nothing about whether or not the C 2 robust heterodimensional tangency is in a heterodimensional cycle associated with Λ 0,g and Λ 2,g . However, one can obtain an affirmative answer to Question I for r ≥ 2 by supposing that the diffeomorphism in Theorem A has a certain basic set called a cu-blender [3, 6, 5] which will be given in Section 6.
Theorem B. There exists a nonempty open set in Diff 2 (M ) each element of which has a heterodimensional tangency of elliptic type on a heterodimensional cycle. Now we consider the relation between heterodimensional tangencies and the absence of dominating splittings. Trivially, if a heterodimensional cycle contains a heterodimensional tangency, then there is no dominating splitting on the cycle. As mentioned above, in the C 1 topology, the existence of homoclinic tangencies and the absence of dominating splittings are synonymous in the sense of Wen [23] . In the C 2 topology, the result corresponding to that in [23] is not known yet. Thus, the following question makes sense.
Question II. Can a diffeomorphism with a heterodimensional cycle which does not admit any dominating splitting be C 2 -approximated by a diffeomorphism having a heterodimensional tangency on a cycle?
In the following theorem, we will present open conditions on C 2 diffeomorphisms under which Question II is solved affirmatively.
Let Λ 0 and Λ 1 be nontrivial basic sets for f ∈ Diff 2 (M ) with index(Λ 0 ) = d − 1 and index(Λ 1 ) = 1, where d = dim(M ) ≥ 3 . We suppose furthermore that Λ 0 is a cu-blender horseshoe and Λ 1 is a sectionally dissipative basic set with a real central contacting direction, that is, every periodic point in Λ 1 satisfies the same condition as in (1) of Theorem A.
Theorem C. Let f be a diffeomorphism satisfying the above conditions. If g has a spherical heterodimensional intersection on the heterodimensional cycle associated with Λ 0 and Λ 1 and satisfies and the C 2 open conditions given in Section 6, then f is C 2 -approximated by a diffeomorphism having a C 2 -robust cycle with a robust heterodimensional tangency.
Here we say that f has a spherical heterodimensional intersection associated with Λ 0 and Λ 1 if there are q 1 ∈ Λ 0 and
Note that, in [8, §2.3], Díaz, Nogueira and Pujals proved that the homoclinic classes of Λ 0 and Λ 1 in Theorem C do not admit any dominated splitting.
From the sectionally dissipative condition of Λ 1 , the sphere and some leaves of a strong stable foliation F ss (p 1 ) in W s (p 1 ) have at least two tangencies. In particular, this implies that the heterodimensional cycle containing a spherical intersection is critical in the sense of [9] .
We comment here briefly on problems related to our theorems. In the present paper, we have obtained an affirmative answer to Question I about the existence of robust heterodimensional tangencies in the C r topology for any r ≥ 2. Thus, it is natural to ask whether there exist robust heterodimensional tangencies in the C 1 topology. An example is already known, which exhibits a C 1 -robust homoclinic tangency in the dimension at least 3, see [2] . However, Moreira [13] showed that any two regular Cantor sets K 1 and K 2 have continuationsK 1 ,K 2 which are arbitrarily C 1 close to the originals and disjoint to each other. This implies that C 1 -robust homoclinic tangencies can not be possible for 2-dimensional generic diffeomorphisms. Similarly, we think that C 1 -robust heterodimensional tangencies could not be possible for generic diffeomorphisms in any dimension greater than two.
Outline of Proof of Theorem A. At the end of this section, we will outline the proof of the main theorem. The diffeomorphism f in Theorem A has basic sets Λ 0 , Λ 1 with index(Λ 0 ) = d − 1, index(Λ 1 ) = 1 and periodic points Q ∈ Λ 0 and P ∈ Λ 1 such that W u (Q, f ) and W s (P, f ) have a heterodimensional tangency Y of elliptic type and W u (P, f ) and W s (Q, f ) have a nontransverse intersection X, see Figure 2 .1. First we perturb f near X slightly so that
2). By applying Palis-Viana's result in [17] ) have a heterodimensional tangency r for some q ∈ Λ 0 and p ∈ Λ 2 (Proposition 4.3), see Figure 4 .2 again. By Gap Lemma [15, 16] together with the largeness of τ s (Λ 2 ), one can show that, for any diffeomorphism g sufficiently near g 3 , W u (Λ 0 , g) and W s (Λ 2 , g) have a heterodimensional tangency in U Y . Theorem A follows directly from this fact.
Note that we start with a heterodimensional tangency associated with Q ∈ Λ 0 and P ∈ Λ 1 . However, our robust heterodimensional tangencies are associated with Λ 0,g , Λ 2,g but not with Λ 0,g , Λ 1,g .
Coexistence of spherical intersections and tangencies
Suppose that M is a C 2 manifold of dimension d ≥ 3. The purpose of this section is to find an element of Diff 2 (M ) arbitrarily C 2 close to the diffeomorphism given in Theorem A which has simultaneously a spherical heterodimensional intersection and a homoclinic tangency.
Let f be an element of Diff 2 (M ) with periodic points P and Q satisfying (1) and (2) in Theorem A. For simplicity, we may suppose that per(P ) = per(Q) = 1 if necessary replacing f by f n for some n ∈ N and f is C 2 linearizable in small neighborhoods U P of P and U Q of Q. Then, by the condition (1), f can be written in U P as
On the other hand in U Q , f can be written as
We say that a nontransverse intersection
see [10] . For the nontransverse intersection X ∈ W u (P ) ∩ W s (Q) and the heterodimensional tangency Y ∈ W s (P ) ∩ W u (Q) of elliptic type given in (2) of Theorem A, we may furthermore assume that the f satisfies the following situations without loss of generality. See Figure 2.1.
Remark 2.1 (on linearizing coordinates). (i)
X is located at (1, 0, 0) with respect to the linearizing coordinate on U Q , where 0 = (0, . . . , 0) ∈ R n−2 . Moreover, T X W u (P ) and the eigenspace associated with β c are linearly independent.
(ii) Y is located at (1, 1, 0) with respect to the linearizing coordinate on U P where respectively. Now we prove the following proposition.
and a quadratic homoclinic tangency associated with P .
For the proof of the proposition, let us prepare a suitable parameterized family in Diff 2 (M ) containing f . For a sufficiently small δ > 0, let U X and U Y be the 2δ-neighborhoods of X = (1, 0, 0) and Y = (1, 1, 0) respectively. To define local perturbations of g 1 in U X and U Y , consider the functions on U X , U Y defined as
where h is a C 2 bump function on R satisfying
Fix δ 0 > 0 which is sufficiently smaller than δ, i.e. δ 0 = δ/100. Let {φ µ,ν } (−δ 0 < µ, ν < δ 0 ) be the family of perturbations in Diff 2 (M ) given by (2.5)
Using the {φ µ,ν }, we define the 2-parameter family {f µ,ν } by
For the definition, it is clear that f µ,ν → f in the C 2 topology as µ, ν → 0.
Remark 2.3 (about notations).
• Since P ∈ U X and Q ∈ U Y , the continuations of these points satisfy P µ,ν = P and Q µ,ν = Q for every µ, ν with −δ 0 < µ, ν < δ 0 .
• The (global) unstable and stable manifolds for f µ,ν of these saddle points are denoted by W u (P, f µ,ν ), W s (P, f µ,ν ) and so on. However, since the local unstable and stable manifolds in U P and U Q do not affected by the perturbations, these manifolds may be denoted by the notations same as the originals, e.g., W u loc (P ), W s loc (P ) and so on.
Proof of Proposition 2.2. Let {f µ,ν } be the above 2-parameter family with
X is a segment not parallel to the y-axis of the linearizing coordinate of U Q , see in Remark 2.1-(i). We move L by the perturbation (2.5) with respect to ν and have a continuation
For an arbitrarily small ε > 0, take an integer n 0 > 0 satisfying
where K = Df N2 (Ỹ ) . Moreover, one can take the n 0 so that, for any n > n 0 and Figure 2 .2. Then, we will adjust a value of the other parameter µ as follows so that the claim of this preposition holds. Letˆ µ,νn be a continuation of νn such thatˆ µ,νn ⊂ W u (P, f µ,νn ) andˆ µ,νn →ˆ νn as µ → 0. By the perturbation (2.5) with respect to µ, any point in U Y close to Y is just moved in parallel with the z-axis of U P . Thus, by the Intermediate Value Theorem, there exists a µ n such that one can choose µ n with −t < µ n < 0 so thatˆ µnνn and W . Since t can be taken arbitrarily small, we may choose µ n so that lim n→∞ µ n = 0.
Thus, in ether case, g 1 := f µn,νn satisfies our desired conditions. This completes the proof.
Stable and unstable thicknesses
In this section, we will recall the definition of the thickness given in Newhouse [15] for a Cantor set K in R. Let I be the minimal interval containing K. A gap of K is a connected component of I \ K. An ordering G = {G n } of the gaps is called a presentation of K. For any x ∈ ∂G n , the G-component of K at x is the connected component C of I \ (G 1 ∪ · · · ∪ G n ) containing x. For each such x, set τ (K, G, x) = Length(C)/Length(G n ). Then the thickness of K is given by
where the infimum is taken over all boundary points of gaps of K. The local thickness of K at x ∈ K is defined as
The notion of thickness can be extended to that of a nontrivial basic set Λ = Λ ϕ of index 1 as follows.
1 projections along leaves of the stable C 1 foliation of Λ can be used to define π. The local stable thickness of Λ at z is τ
is independent of the choice of π and has the identical value for every z ∈ W s loc (Λ) which is a strictly positive finite number. Thus we may denote it simply by τ s (Λ) and call the (local ) stable thickness of Λ. On the other hand, it depends continuously on the diffeomorphism, that is, for any 
Note that the above explanation could not be applied directly to the basic sets without the condition (3.1). But, under the (codimension-one) sectionally dissipative condition, one can define the stable thickness of Λ with the same property as above by using intrinsically C 1 projections along the leaves of an intrinsically C 1 foliation of Λ, see [17, §2-4] for details.
Palis-Viana's setting and heterodimensional tangencies
In what follows, to simplify notations, we denote continuations of the saddles P , Q and the basic sets Λ 0 , Λ 1 of every perturbed diffeomorphism near f by the same notations as the original ones if it does not cause any confusion.
Let us start with the C 2 diffeomorphism g 1 which is arbitrarily C 2 close to f given in Proposition 2.2 and satisfies the setting in Palis-Viana [17] . In fact, g 1 has a quadratic homoclinic tangency in U Y associated with the saddle point P satisfying the sectionally dissipative condition (2.2). By Palis-Viana [17] , we have the following result.
Proposition 4.1 (Steps 1-3 in [17,  §7] ). There exists a g 2 ∈ Diff 2 (M ) arbitrarily C 2 close to g 1 which has a basic set Λ 2 of index 1 other than Λ 1 such that
2) Λ 1 and Λ 2 are homoclinically related; (3) There are periodic points P 1 ∈ Λ 1 , P 2 ∈ Λ 2 such that W u (P 1 , g 2 ) and W s (P 2 , g 2 ) have a quadratic tangency. Actually, the above basic set Λ 2 is obtained by a renormalization of return maps defined on U Y which converge to Hénon-like endomorphisms whose stable thickness of the invariant expanding Cantor set is arbitrarily large if g 2 is sufficiently close to g 1 = f µn,νn , see [17, §6] . Hence, one can suppose that
holds, where Λ 0 = Λ 0,g2 is the continuation of the original basic set Λ 0 in Theorem A. Now we will show that there exists a diffeomorphism g 3 arbitrarily C 2 close to g 2 and such that
contains a heterodimensional tangency of elliptic type.
For a given q ∈ Λ 0 , a compact subset A of W u (q, g 2 ) is called an unstable cylinder with foliation F if there exists a
, we say that a sequence of unstable cylinders A n in W u (q, g 2 ) with foliations F n C 1 converges to an arc α in W u (p, g 2 ) if it satisfies the following conditions.
• The diameter of each leaf of F n is less than a constant ε n > 0 with lim n→∞ ε n = 0. Lemma 4.2. Let g 2 be the diffeomorphism in Proposition 4.1. For any periodic points q ∈ Λ 0 , p ∈ Λ 1 , there exists a sequence of foliated unstable cylinders A u n in W u (q, g 2 ) C 1 converging to an arc in W u loc (p, g 2 ) containing p as an interior point. Proof. Since q, Q ∈ Λ 0 and p, P ∈ Λ 1 , we have only to find foliated unstable cylinders in W u (Q, g 2 ) which C 1 converge to an arc α in W s loc (P, g 2 ) containing P as an interior point. Since g 2 is sufficiently C 2 close to g 1 , Proposition 2.2 implies that W 2 (M ) arbitrarily C 2 close to g 2 of Proposition 4.1 with the saddle periodic points P , Q and the continuations of the basic sets Λ 0 , Λ 1 , Λ 2 such that (1) Λ 1 and Λ 2 are homoclinically related:
contains a heterodimensional tangency r of elliptic type.
Proof. The first and second claims are obtained immediately from (2) Note that the tangency between L u and W s (P 2 , g 2 ) unfolds generically with respect to the parameter of the Hénon-like family given by the renormalization in Proposition 4.1 as in [17, §6 and g 3 ) are non-positive. Sightly modifying g 3 by C 2 perturbation if necessary, we may suppose that all these eigenvalues are strictly negative. It follows that the tangency r is of elliptic type. Thus the proof is complete.
The assertion of Proposition 4.3 (1) will be used to prove Theorem B, see Remark 6.1.
Consider the unstable manifold W u (q, g 3 ) associated with q ∈ Λ 0 . Let γ : I = (−ε, ε) → M be a short C 1 regular curve meeting W u (q, g 3 ) transversely at γ(0). Since Λ 0 is a nontrivial basic set of index d − 1, there exists a Cantor set K 0,g3 in I with K 0,g3 0 which is defined as K u in Section 3. We say that W u (q, g 3 ) is twosided if (−η, 0) ∩ K 0,g3 = ∅ and (0, η) ∩ K 0,g3 = ∅ for any 0 < η < ε. The two-sided stable manifold W s (p, g 3 ) with p ∈ Λ 2 is defined similarly. Since a Cantor set is perfect by definition, there exists t ∈ K 0,g3 arbitrarily close to 0 (possibly t = 0) such that the unstable manifold
If necessary modifying the diffeomorphism g 3 given in Proposition 4.3 slightly, one can suppose that g 3 satisfies the following.
Corollary 4.4. The unstable manifolds
containing the heterodimensional tangency r are two-sided.
Proof. Any C 1 regular curve in M meeting W u (q, g 3 ) with q ∈ Λ 0 transversely at r meets also W s (p, g 3 ) with p ∈ Λ 2 transversely at r. By using the curve, one can show that there exist q ∈ Λ 0 and p ∈ Λ 2 such that both W u (q , g 3 ) and W s (p , g 3 ) are two-sided and intersect arbitrarily small neighborhood U of r in M . Thus, we have a g 3 ∈ Diff 2 (M ) arbitrarily C 2 close to g 3 such that W u (q , g 3 ) and W s (p , g 3 ) have a heterodimensional tangency r of elliptic type in U . The proof is completed by setting p = p, q = q, g 3 = g 3 , r = r again.
Arc of tangencies of stable and unstable foliations
Recall that M is a closed C 2 manifold with dim(M ) = d ≥ 3. We denote the diffeomorphism g 3 obtained in Proposition 4.3 by g for simplicity. Thus, g ∈ Diff 2 (M ) has nontrivial basic sets Λ 0 and Λ 2 with index(Λ 0 ) = d − 1 and index(Λ 2 ) = 1. Moreover, W u (Λ 0 , g) and W s (Λ 2 , g) have a heterodimensional tangency. Let F and F be stable and unstable foliations associated with Λ 0 and Λ 2 . Note that W u loc (Λ 0 ) and W s loc (Λ 2 ) are considered to be sublaminations of F and F respectively. Both F, F are C 1 foliations on M , but each leaf of F or F is a codimension-one C 2 submanifold of M . The aim of this section is to show that, under suitable conditions, there exists a regular C 1 curve γ : (−ε, ε) → M which meets leaves of both F and F transversely and such that, for any t ∈ (−ε, ε), γ(t) is a non-degenerate heterodimensional tangency between leaves of F and F.
Suppose that there exist leaves λ 0 of F andλ 0 of F which have a strict tangency at a point p in M . A small open neighborhood U of p in M has a C 2 coordinate (x, z) with p = (0, 0) such that the leaf λ 0 is contained in the level surface z = 0,
This gives the identification of U with an open neighborhood of (0, 0) in R d . Since F is a C 1 foliation on M with C 2 leaves, for a sufficiently small δ > 0, there exists a C 1 diffeomorphism α(x, z) ) and satisfying the following conditions, where we set ϕ g = ϕ for short.
• α(x, z) is a C 2 map on x and C 1 on z.
be the unit tangent vector of T ϕ(x,z) (U ) orthogonal to the leaf of F containing ϕ(x, z) and such that the d-th entry ν(x, z) of N (x,z) is positive, see Figure 5 .1.
Then the Jacobian matrix of ψ(x, z) is
where
Since ∂ xi ϕ(0, 0) = (0, . . . , 0, i 1, 0, . . . , 0), ∂ xixj ϕ(0, 0) = (0, 0) and N (0, 0) = (0, 1), we have 
Differentiating the latter equation by x j (j = 1, . . . , d − 1), we have
Since h(0) = 0, ∂ xj h(0) = 0 and ν(0, 0) = 1,
Proposition 5.1. With the notation as above, the following two conditions are equivalent.
(1) The strict tangency of λ 0 andλ 0 at p = (0, 0) in U is non-degenerate.
(2) There exists a C 1 regular curve γ g = γ : (−ε, ε) → U for a sufficiently small ε > 0 with γ(0) = p and such that, for each t ∈ (−ε, ε), the curve γ(−ε, ε) meets leaves λ t of F andλ t of F at γ(t) transversely. Moreover, λ t andλ t have a non-degenerate strict tangency at γ(t).
Proof. Since "(2) ⇒ (1)" is obvious, we prove "(1) ⇒ (2)".
Suppose that the tangency of λ 0 andλ 0 at p is non-degenerate, or equivalently that
By (5.2) and (5.3), the Jacobian matrix of Ψ at (0, 0) has the form
Then (5.4) implies that JΨ (0, 0) is regular. By the Inverse Function Theorem, there exists a
Since the d-th entry of ∂ z Ψ −1 (0, t) is one, the map Ψ −1 (0, t) of t defines a regular curve in (−δ, δ) d passing through the z-constant level surfaces transversely. This implies that γ(−ε, ε) is a regular curve in U transverse to leaves of F. Let λ t (resp.λ t ) be the leaf of F (resp. F) containing γ(t). From the definition (5.5) of Ψ , we know that the normal vector N (Ψ −1 (0, t)) ofλ t at γ(t) is orthogonal to the tangent vectors ∂ xi ϕ(Ψ −1 (0, t)) (i = 1, . . . , d − 1) of λ t . This shows that λ t is tangent strictly toλ t at γ(t). In particular, the curve γ(−ε, ε) meetsλ t transversely at γ(t) as well as it does λ t . From the continuity of the matrix JΨ , one can assume that the strict tangency of λ t andλ t is non-degenerate for any t ∈ (−ε, ε) if necessary replacing ε by a smaller positive constant. This completes the proof. f n in Diff 2 (M ) such that, for any g ∈ O n , there exists a C 1 regular curve γ g : (−ε, ε) → M which satisfies the condition corresponding to (2) of Proposition 5.1 and depends continuously on g ∈ O n . Furthermore, in the case of g = f n , the curve γ fn satisfies γ fn (0) = r n . (iv) By (4.1) together with the local continuity of thickness in the C 2 topology,
for any g ∈ O n , where Λ 0,g , Λ 2,g are the continuations of Λ 0,fn , Λ 2,fn respectively.
Let K 0,g and K 2,g be Cantor sets defined as K u in Section 3. By (ii) and (iii), we may assume that K 0,g and K 2,g are linked for any g ∈ O n if necessary replacing O n by a smaller open neighborhood of f n . Since τ (K 0,g )τ (K 2,g ) > 1 by (iv), the Gap Lemma ( [15, 16] Proof of Theorem B. Suppose that the nontrivial basic set Λ 0 for f in Theorem A is a cu-blender, which satisfies the following properties (1) and (2), see [6, 5] for details.
(1) Central unstable property. Λ 0 is the maximal f -invariant subset of a d-dimensional disk ∆ ⊂ M and has a hyperbolic splitting with three nontrivial bundles
The splitting is extended to a continuous splittings on ∆, still denoted by T ∆ = E s ⊕ E cu ⊕ E u . Furthermore, there exist continuous cone fields C uu , C u on ∆ with
is an f -invariant strong unstable (resp. unstable) cone field.
(2) Superposition property. There exist a d-dimensional subdisk∆ of ∆, called a superposition region, and a C 1 neighborhood U of f such that, for every C
and for every g ∈ U, we have
Here W s loc (Λ 0 , g) is the local stable manifold for Λ 0 such that the leaf W
We say that a segment L in M is in superposition (with respect to the cublender Λ 0 ) if there exists an embedding 1] ) and satisfying the above condition (6.1). Note that the restriction of
Let O be the open set given in Theorem A. Then the closure of O ∩ U contains f . By Theorem A, for every g ∈ O ∩ U, W u (Λ 0,g , g) and W s (Λ 2,g , g) have a heterodimensional tangency. Note that the above properties of cu-blender is robust for any small C r perturbation with r ≥ 1. Hence the continuation L u g of L u f is still in superposition. By Remark 6.1, Λ 2,g is homoclinically related to Λ 1,g . Thus, there exists a segmentL u g in W u (P , g) for someP ∈ Λ 2,g which is also in superposition with respect to Λ 0,g . By (6. 
This completes the proof.
In the introduction, we supposed that the diffeomorphism f in Theorem C has nontrivial basic sets Λ 0 and Λ 1 with index(Λ 0 ) = d − 1, and index(Λ 1 ) = 1 and satisfying the following conditions.
(i) Λ 0 is a cu-blender horseshoe, i.e., it is a cu-blender such that f | Λ0 is topologically conjugate to the full shift on the space of two symbols, see in [3, 5] . (ii) Λ 1 is a sectionally dissipative basic set with a real central contacting direction. (iii) f has a spherical heterodimensional intersection on the heterodimensional cycle associated with Λ 0 and Λ 1 . The complement∆ =∆ \ f (∆) is called the sub-superposition region of∆. Note that the closure of∆ is disjoint from Λ 0 . We denote the interior of∆ by Int(∆) and say that a segment L of M is in superposition in Int(∆) if L is in superposition and contained in Int(∆).
Here we suppose that f satisfies the following extra C 2 open condition.
(iv) There is p 2 ∈ Λ 1 such that W u (p 2 ) has two segments Proof of Theorem C. To prove this theorem, we have only to show that an arbitrarily small neighborhood of f in Diff 2 (M ) contains a diffeomorphism g having a heterodimensional tangency on a heterodimensional cycle associated with saddle periodic points satisfying (1) and (2) in Theorem A.
Let q 1 ∈ Λ 0 and p 1 ∈ Λ 1 be points such that W u (q 1 ) W s (p 1 ) contains a (d − 2)-dimensional sphere. By the condition (i) and (6.3), there exists q 2 ∈ Λ 0 with W s (q 2 ) ∩ u f = ∅. Note that the points q 1 , q 2 , p 1 , p 2 are not necessarily periodic points. However, since periodic points are dense in any basic set, one can obtain a diffeomorphismf satisfying the following conditions by an arbitrarily small C 2 perturbation of f with f | Λ0 =f | Λ0 and f | Λ1 =f | Λ1 .
• There exists a periodic pointq 1 ∈ Λ 0 arbitrarily near q 1 and a periodic pointp 1 ∈ Λ 1 arbitrarily near p 1 such that W u (q 1 ,f ) W s (p 1 ,f ) contains a (d − 2)-sphere S d−2 which has at least two tangencies with leaves of F ss (p 1 ,f ). See Figure 6 .2. • There exists a periodic pointq 2 ∈ Λ 0 arbitrarily near q 2 , a periodic point p 2 ∈ Λ 1 arbitrarily near p 2 and segments Similarly, we have sub-cylinders A s n off −n (A s 0 ) C 1 converging to a segment in W s loc (q 2 ,f ) centered at X as n → ∞. Hence, by using a perturbation similar to (2.5) in a small neighborhood of X in Int(∆), we can obtain a diffeomorphismg arbitrarily C 2 close tof such that W g ) have a quasi-transverse intersection. By the condition (iv), it is possible to choose the perturbation which does not break the heterodimensional tangency r. Since g| Λ1 =f | Λ1 ,p 1 is sectionally dissipative with respect to g.
It follows that g is a diffeomorphism satisfying all the conditions in Theorem A. Thus, the claim of Theorem C follows directly from Theorem A.
